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5. THEORIES OF SPACE, TIME AND GRAVITATION

A = E(x%) dx'Adx*a-adx™

Using the results o 1 . 1 {
scalar density andftiec?lon 2.8 we easily see that E is a 1 | 5.1. SPACE-TIME AS A DIFFERENTIABLE MANIFOLD
fined to be the 1ntegr:112§e%ral of A over any region 1s de- 1 i
above. over that region as defined 1 1 The most fundamental principle of physics, common to

1 ] all physical theories 80O far put forward, is that space and
time can be represented by a N-dimensional differentiable
manifold. This isoften considered as so obvious that it is
hardly worth mentioning or analyzing, but we consider 1t to
be worthy of some attention, as did Einstein who, in his ex-
position of the theory of relativity, devoted considerable
attention to the problem: why do we consider space and time
to be & Continuum(by which he meant whatb is nowadays called
a ai fferentiable manifold)?

1f one ignores quantum phenomenas including the atom
i¢ structure of matter, and assumes matter to be infinitely
w.visible so that there is no inherent jower 1imit on the ex-
tension of bodies, W€ shall show that it is plausible that a
differentiable manifold is an appropriate model of space-time.
One can imagine that there is in space 2 very 1arge number of
very small clocks, i.e. small bodies with a mechanism that
can be used to indicate time. They need not be tgood' clocks
in any sense of the word 'good.‘ 211 that 1is required is that
they assoclate a number with every instant of time, and that
two instants of time are never glven the same number by the
same clock. Further, each clock has three i1dentification
numbers engraved on it, such that no two clocks bear the
same three numbers. The fact that three numbers are both
necessary and sufficient o distinguish the clocks 1s the
meaning of space being 3—dimensiona1, and 1s to be taken as
an experimental fact. Time is only one—dimensional, as the
clocks need indicate only one number completely to speclify
an instant of time. Together, W€ see that we need U4 numbers
to specify a point in space and time, and SO space-time is
4-dimensional.

If the identification numbers and the time readings are
such that the neighboring clocks in space pear numbers dif-
fering very 1ittle from one another and indicate times aif-
fering very 1ittle, then they can be considered as defining
a coordinate system in a differentiable manifold representa-
tion of space—-time. Such a coordinate system can pe used to
analyze all physical phenomena in terms of coincidences of
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events with these clocks For ex
t cks. ample, the motion of
zggZ;clgtan be described by saying th;t the particle 2oin-
cldes ?; c%ock (133,—5) at time 6 by that clock, with
gock ( g3,-- ) ;?1{;gnei7 by that clock, with clocﬁ (3,3,~6)
ceey g1ln as many events along the path of
ggemﬁigcgea;o;:igiziggdéssBug Eo cirry through thig procedure
) ociate clocks with as man
;gk:pggz ai oie desires, which requires that we be aglgoigts
clocks arbitrarily small, or we 1
to find room for them at all; ’ mors 15 ouot Do
1 and furthermore it must
possible to read the dial of’each 1 vty
C k with arbit 1
high accuracy Perhaps we sh Soln ey
. ould point out that
system of clocks has nothin i ool oo
g to do with the metri
ties of space-time; it i i TRl Droper-
1 H S necessary in order for s
time tghbe ggn31dered even as a differentiable man?%gid?nd
one take: i;tgaziggugicgges issentially more complicated when
e atomic, quantum nature of
gzmdoe§ not seem to be possible to have clocks whose T?EEZ§.
Smaigsiinskare smaller than, say, 10-13 cm. Moreover, such
ocks would be subject to quantum 1 £ 1
one knows with great accurac o ek ittt
4 C y where one such clock i t
given instant of time, at a later time i 1 will b
. e its position will b
very indeterminate Even worse, su .
te. : ch elementary cl
:g quantum prigc1p1es, 1ndistinéuishable, so weycanoggitﬁgi,
prggigz Eﬁz$ xigﬁ ggmgers to identify one from another, nor
als to indicate the ti ! ’
they would be completel neosee.  misaet
y useless for our purposes. T ’
g?oz:rthit one really has to use macroscopicpclocks gé;posed
orf v hy arge numbers of atoms, and then we cannot 5ack
systgm suggdci?cgi Eggﬁtger toiform a very useful coordinate
m. ot possible to construct A
principle, a coordinate s 2 Shenstt
ystem in space and time, do i
g;kz Zi??:rzgtizg?me tha; space and time can be ;eprgzeited
e manifold? The question seems ¢t
open, ﬁut one should not assume it as obvious that gtbis S0
and som:ng peoglg have expressed doubts along the above linés
assumption:VZboiteghto :onstruct physical theories from new ’
e structure of space and time, b
now, no such attempt has met with h IR
idea that suggests itself is t present Space ang time s
: 0 represent space and ti b
a regular lattice of points like th yetal
. ¢ t of atoms in
but one can easily see th i 1 At
at this will not work Th "
group of the lattice would have t ) he Torenty
0 approximate to the L t
group, and one cannot find a lattic a
hich would admit
symmetry transformation corres ne trans
1 ponding to a Lorentz trans -
?22122 g;thtvery §mall veloeity. A recent discussion 2o£2§in—
guments against the continuity of space and time is

given by Bohm.
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Tt has been said that the modern approaches to elemen-
tary particle theory based on S-matrix theory and related
theories--such as dispersion relation theories--are not based
on the assumption of a space-time continuum. But actually
this statement is unfounded, as they require invariance under
the inhomogeneous Lorentz group, from which we can construct
the usual Minkowski space-time of speclal relativity.

From now on we shall always assume that space-time can
be represented by a l-dimensional differentiable manifold.
This is why the differentiable manifold concept was defined
with care and discussed in detail in the preceding chapter.
Any changes in this assumption would result in a very profound

revolution in physics.

5.2. THE AFFINE CONNECTION IN PHYSICS

There is another fundamental principle of physics that
is common to all physical theories so far put forward. This
is that the differentiable manifold of space and time is
endowed with an affine connection whose geodesics form a
privileged set of world-lines in space-time. The particular
affine connection depends on the theory under consideration
and may also depend on the particular solution of the theory
we are considering, but the existence of an affine connection
is common to all theories. It is necessary in order that the
fundamental laws of physiecs can be expressed in the form of
differential equations, which is certainly true of all physi-
cal theories.

Since one must be able to determine by physical experi-
ment every mathematical construct introduced in a physical
theory, we must look for a method of physically determining
the affine connection. The symmetric part of an affine
connection is determined when the totality of geodesics in
the manifold is known. Not every family of curves in a dif-
ferentliable manifold can be interpreted as the geodesics of
an affine connection, so we must look for a privileged set
of world-lines in space-time which can be so interpreted.

Of course, this is not the only way of determining physically
the symmetric part of the affine connection, but it is the
most natural way. If a theory postulates a non-symmetric
affine connection, the antisymmetric part, i.e. the torsion
tensor, must be separately determined.

So we see that the first question we should ask of a
physical theory is: What physically determined privileged
class of world-lines is to be interpreted as the totallty of
geodesics of the affine connection of the space-time manifold?
To this question each theory glves its own answer, and to
proceed further we must specialize to a particular theory.
This we shall now do.
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